Introduction
Let F be a finite extension of Q p , with ring of integers O F and uniformizer π. In [5] , Drinfeld defines a certain moduli problem of p-divisible groups. A formal O F -module over a scheme S such that p is locally nilpotent in O S is a p-divisible group X with an action of O F ,
If X is defined over an O F -scheme S, the Lie algebra Lie X is naturally an O F -module. If this coincides with the O F -module struture give by dι we call X a strict formal O F -module.
Let D be a central division algebra of invariant 1/n over F , with maximal order O D . Drinfeld defines a special formal O D -module over an O F -scheme S to be a strict formal O F -module of height n 2 [F : Q p ] equipped with an action ι : O D → End(X) of O D that extends the action of O F and such that, in each geometric point of S, the eigenspaces of Lie X under the action of an unramified extension OF of O F of degree n contained in O D are all one-dimensional.
It is easy to see that if S = Speck is the spectrum of the algebraic closure of the residue field of O F , there is a unique special formal O D -module X over S, up to O D -linear isogeny.
Let OF be the ring of integers in the completion of the maximal unramified extension of F . Drinfeld defines as follows a set-valued functor M on the category Nilp OF of OF -schemes S such that the ideal sheaf πO S is locally nilpotent: the functor associates to S ∈ Nilp OF the set of isomorphism classes of triples (X, ι, ρ), where (X, ι) is a special formal O D -module over S and where ρ : X × SS → X × SpeckS is a O D -linear quasi-isogeny of height 0. Herē S = S × Spec OF Speck. Drinfeld's theorem is that this functor is representable by a very specific formal scheme, namely, M ≃Ω n F × Spf OF Spf OF .
(1.1) HereΩ n F is the formal scheme over Spf O F defined by Deligne, Drinfeld and Mumford, cf. [5] . It has as generic fiber (associated rigid-analytic space) Drinfeld's p-adic halfspace associated to F ,
Here H ranges over the hyperplanes of P n−1 F defined over F . Drinfeld's theorem has many applications, in particular to the p-adic uniformization of Shimura varieties, cf. [18] .
In this paper we exhibit other moduli spaces of formal p-divisible groups which are represented by p-adic formal schemes whose generic fibers are isomorphic to (Ω n F ) rig ⊗ FȆ , whereȆ is a complete p-adic field (comp. Theorem 2.8). Just as for Drinfeld's moduli space, these formal schemes can be used to p-adically uniformize certain Shimura varieties. We refer to forthcoming joint work with S. Kudla [13] for details.
The lay-out of the paper is as follows. In section 2 we formulate our variant of Drinfeld's moduli functor and state our main results. In section 3, we discuss the conditions on the Lie algebras in the formulation of the moduli problem. In section 4 we establish an isomorphism between our moduli functor when restricted tok-schemes with the original Drinfeld moduli functor. The main tool here is the theory of displays. In section 5 we determine the local structure of our moduli scheme. In section 6 we prove the compatibility theorem with the Drinfeld moduli functor in the generic fiber. This proof is due to P. Scholze, and uses his theory of p-divisible groups over O C , cf. [19] . In section 7 we prove our integral representability conjecture in the case where F/Q p is unramified. The proof uses the theory of relative displays of T. Ahsendorf. In the final section 8 we give a Lubin-Tate variant of our main theorem.
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Formulation of the main results
Let F be a field extension of degree d of Q p . We denote by O F the ring of integers and by κ the residue field. We write f = [κ : F p ] for the inertia index and d = ef .
Fix n ≥ 2. Let Φ = Hom Qp (F,Q p ) be the set of field embeddings. We fix an embedding ϕ 0 : F →Q p . Let r : Φ → Z be a function such that r ϕ = 1, if ϕ = ϕ 0 0 or n, if ϕ = ϕ 0 .
(2.1)
The reflex field E ⊂Q p of r is characterized by Gal(Q p /E) = {σ ∈ Gal(Q p /Q p ) | r σϕ = r ϕ for all ϕ}.
We have ϕ 0 (F ) ⊂ E, and we consider E as a field extension of F via ϕ 0 . Let D be a central division algebra of invariant 1/n over F . We will consider p-divisible groups X of height n Here chard(x) denotes the reduced characteristic polynomial of x, a polynomial of degree n with coefficients in O F . The RHS is a polynomial in O E [T ] . It becomes a polynomial with coefficients in O S via the structure morphism. As we will show (cf. Proposition 2.2), the Kottwitz condition is all we need to yield a good moduli problem when F/Q p is unramified. When F/Q p is ramified, the Kottwitz condition is too weak. To state the additional condition we impose, we need some preparation.
Let F t be the maximal unramified subfield of F . We will write Ψ = Hom Qp (F t ,Q p ) for the set of field embeddings. Let ψ 0 = ϕ 0 |F t . For an embedding ψ : F t →Q p we set A ψ = {ϕ : F →Q p | ϕ |F t = ψ, and r ϕ = n} B ψ = {ϕ : F →Q p | ϕ |F t = ψ, and r ϕ = 0}. (2.3)
Also, let a ψ = |A ψ | and b ψ = |B ψ |. For any O E -scheme S we have a decomposition of 4) where the action of O F t on the ψ-th factor is via ψ. Hence for (X, ι) over S, we obtain a decomposition into locally free O S -modules,
The rank of Lie ψ X is given by (2.2) as rank Lie ψ X = a ψ n 2 + ǫ ψ n , (2.6) where ǫ ψ is equal to 1 if ψ = ψ 0 , and is equal to 0 if ψ = ψ 0 . Let π be a uniformizer in O F . Consider the Eisenstein polynomial Q(T ) of π in O F t [T ] . We consider the image Q ψ (T ) of Q(T ) inQ p [T ] under ψ, for ψ ∈ Ψ. InQ p [T ] this has a decomposition into linear factors,
(2.7)
Note that Gal(Q p /E) acts on the index set of this product, as is clear since the LHS is a polynomial in O E [T ] . We therefore obtain a decomposition in O E [T ]
Indeed, the action of Gal(Q p /E) stabilizes the corresponding subsets in the index set on the RHS of (2.7). Now using the structure morphism O E → O S , we obtain an endomorphism
The additional conditions we impose, that we call the Eisenstein conditions, are now the following identities of endomorphisms
Remark 2.1. We note that the Eisenstein conditions only depend on the restriction of the O Daction to O F . It will follow a posteriori from Corollary 5.9 (flatness) that the moduli problem formulated using the Eisenstein conditions is independent of the choice of the uniformizer π.
We first note the following statement. Proposition 2.2. If F/Q p is unramified, the Eisenstein conditions are implied by the Kottwitz condition.
Proof. When F = F t is unramified over Q p , the uniformizer π lies in F t and Q(T ) = T − π is a linear polynomial. Furthermore, A ψ has at most one element for ψ = ψ 0 , and A ψ0 = ∅. Let ψ = ψ 0 . If A ψ = ∅, then Lie ψ X = (0) and the Eisenstein condition relative to the index ψ is empty; if A ψ has one element, the Eisenstein condition relative to the index ψ is just equivalent to the definition of the ψ-th eigenspace in the decomposition (2.5). Something analogous applies to the index ψ 0 .
The following statement shows that the moduli problems considered in this paper are indeed generalizations of Drinfeld's moduli problem. We call the Drinfeld function the function r
• with r • ϕ = 0, ∀ϕ = ϕ 0 . In this case E r • = F . Proposition 2.3. Assume that r = r
• . Then a p-divisible group (X, ι) as above, i.e., satisfying the Kottwitz condition (2.2) and the Eisenstein conditions (2.9), is a special formal O D -module in the sense of Drinfeld [5] .
Proof. In this case, A ψ = ∅, ∀ψ. Hence Lie ψ X = (0) for ψ = ψ 0 , and Lie ψ0 X is a locally free O Smodule of rank n. Also, the endomorphism Q A ψ 0 (ι(π)| Lie ψ0 X) is the identity automorphism. Hence the first Eisenstein condition implies that Q 0 (ι(π)| Lie ψ0 X) = 0. Since Q 0 (T ) = T −ϕ 0 (π), it follows that ι(π) acts on Lie ψ0 X through the structure morphism O E → O S . The same is true for all elements of O F t . Hence X is a formal O F -module in the sense of Drinfeld. Now the Kottwitz condition (2.2) tells us that the action of O D on X is special, which proves the claim.
Definition 2.4. Fix a function r : Φ → Z ≥0 , with corresponding reflex field E = E r . A pdivisible group X with action ι by O D over a O E -scheme S is called an r-special O D -module, if X is of height n 2 d and (X, ι) satisfies the Kottwitz condition and the Eisenstein conditions relative to r.
Hence the previous proposition shows that a r
• -special formal O D -module is just a special formal O D -module in the sense of Drinfeld [5] .
For the formulation of the moduli problem we will make use of the following lemma. The lemma follows from section 4, more precisely, Corollary 4.13. Alternatively, the lemma follows from the fact that B(G, {µ}) has only one element, cf. [10] , §6.
is the linear algebraic group over Q p associated to D × , and {µ} is the conjugacy class of cocharacters with component (1, 0 (n−1) ) for ϕ 0 and component (1 (n) ), resp. (0 (n) ) for ϕ = ϕ 0 , depending on whether r ϕ = n or r ϕ = 0.
Lemma 2.5. Fix r. Letk be an algebraic closure of the residue field κ E of O E . Any two r-special p-divisible groups overk are isogenous by a O D -linear isogeny (which may be taken to be of height 0). Now fix such a pair (X, ι X ) overk. Denote by OȆ the ring of integers in the completion of the maximal unramified extension of E. Thenk is the residue field of OȆ. We consider the following set-valued functor M on Nilp OȆ . It associates to S ∈ Nilp OȆ the set of isomorphism classes of triples (X, ι, ̺), where (X, ι) is an r-special O D -module over S, and where
is a O D -linear quasi-isogeny of height zero. HereS = S ⊗ OȆk . Our main conjecture can now be stated as follows.
Conjecture 2.6. The functor M r is represented byΩ n F⊗ OF OȆ. Our main results towards this conjecture are the following. Theorem 2.7. The conjecture is true if F/Q p is unramified.
If F/Q p is ramified, we can still prove the following properties of M r which are analogous to the properties ofΩ n F⊗ OF OȆ. Theorem 2.8. The formal scheme M r is flat over Spf OȆ, and is π-adic. All its completed local rings are normal. Furthermore, (i) there is an isomorphism between the special fibers
(ii) there is an isomorphism between the generic fibers
Here the proof of point (ii) is due to P. Scholze.
We also prove the following variant of this theorem in the Lubin-Tate context. Let F and ϕ 0 as before, fix an integer n ≥ 2 and let r and E = E r have the same meaning as before. We now consider p-divisible formal groups X of height nd over O E -schemes S with an action ι : O F −→ End(X). We impose the following Kottwitz condition,
In addition, we impose Eisenstein conditions (where the second condition in (2.9) is changed into
We fix a pair (X, ι X ) overk as above. It is easy to see that X is unique up to O F -linear isogeny. We may therefore define a functor M F r on Nilp OȆ analogous to the functor M r above. The formal scheme representing this functor will be denoted by the same symbol. If r = r
• is the Drinfeld function, then M F r • can be identified with the Lubin-Tate deformation space (this follows from Proposition 2.3). Our main result in this context is that this continues to hold for arbitrary r.
The Kottwitz and Eisenstein conditions
In this section, we analyze the conditions that can be put on a locally free module with O Daction. We continue with the same notation as before. In addition, letẼ ⊂Q p be a normal extension of Q p which contains the images of all Q p -algebra homomorphismsF →Q p . We have E ⊂Ẽ.
We denote by Nrd ϕ : D ⊗ F,ϕẼ →Ẽ the reduced norm. Using it, we define the polynomial function
If M is a quasicoherent sheaf on a scheme S we denote by V S (M)(T ) = Γ(T, M T ) the corresponding flat sheaf on the category of S-schemes T . This sheaf is representable by a scheme over S if M is a finite locally free O S -module. We write simply V(D) for the affine space over Q p associated to D. Then we may regard Nrd r as a polynomial function (= morphism of schemes). It is defined over E,
Clearly this function is homogeneous of degree ϕ nr ϕ . Let O D be the ring of integers of D. LetF ⊂ D be an unramified extension of F of degree n. We denote by τ ∈ Gal(F /F ) the Frobenius automorphism. Then we may write
Here Π is a prime element of O D and π is a prime element of O F . We denote by V(O D ) the corresponding affine space over Z p . We will now define an integral version of (3.2).
We begin with a general remark. Let S be an O E -scheme and let L be a finite locally free O S -module with an action of O D , i.e. a morphism of Z p -algebras
For this we choose an embeddingφ :F →Q p which extends ϕ and define for x ∈F ,
. Via restriction of scalars
we obtain a O D ⊗ Zp OẼ-module P ϕ . We define the O D ⊗ Zp OẼ-module
where R is an arbitrary OẼ-algebra. Similarly we have polynomial functions Nrd ϕ :
OẼ given by P ϕ . The polynomial function Nrd r is invariant under Gal(Ẽ/E) and therefore defines a polynomial function
6) It follows from (3.5) that Π acts on P ϕ ⊗ OẼ κẼ as zero. Therefore the latter is a (O D /ΠO D ) ⊗ OF κẼ-module. We see that the base change Nrd ϕ factors through a polynomial function
We obtain that (Nrd r ) κẼ factors too,
The affine algebra on the left hand side is an integral domain. Therefore (Nrd ϕ ) κẼ is a non zerodivisor as an element of this algebra. This remains true after base change to any κẼ-algebra R.
Definition 3.1. Let S be an O E -scheme and let (L, ι) be an O D -module over S. We say that (L, ι) satisfies the Kottwitz condition (K r ) with respect to r, if
where the right hand side is the base change with respect to S → Spec O E . 
because Nrd r is homogeneous of this degree. Recall the maximal unramified subfield F t ⊂ F and its residue field κ. We denote byκ the residue field ofF . The maximal unramified subfield ofF is denoted byF t . In addition to Ψ = Hom Qp (F t ,Q p ), we introduceΨ = Hom Qp (F t ,Q p ). We now introduce another condition which will turn out to be weaker than the Kottwitz condition. Let R be an OẼ-algebra.
For example, the second of these decompositions is induced by
OẼ.
For ψ ∈ Ψ let Φ ψ the set of all embeddings ϕ : F →Q p whose restriction to F t is ψ. We define r ψ = ϕ∈Φ ψ r ϕ (3.10) Definition 3.3. Let R be an OẼ-algebra. We say that an O D -module (L, ι) over R satisfies the rank condition (R r ) with respect to r if, for allψ ∈Ψ,
where ψ denotes the restriction ofψ to F t . We will write rψ := r ψ .
The rank condition is obviously an open condition (the rank goes up under specialization). It is also a closed condition since ψ rank R Lψ = rank L is constant on the base. To check the rank condition it is enough to check it for the geometric points of Spec R. If R is an arbitrary O E -algebra, we say that the rank condition is fulfilled, if it is fulfilled with respect to any base change R →R and an extension of the O E -algebra structure to an OẼ-algebra structure onR. The rank condition is then independent of the last choice.
Remark 3.4. The rank condition is independent of the choice of the chosen isomorphism (3.3). Indeed let U ⊂ D be an unramified extension of degree n of F . Then we could reformulate the rank condition using the action of O U t ⊗ Zp OẼ. However, this yields the same condition. Indeed, since U andF are isomorphic field extensions of F , there is by Skolem-Noether an element u ∈ D, such that uF u −1 = U . Replacing u by uΠ m for a suitable integer m, we may assume
is exactly the decomposition coming from the
is an isomorphism of O D -modules we obtain the independence.
We denote by κẼ the residue class field of OẼ. We consider a polynomial function over a reduced κẼ-algebra R, 12) which is multiplicative with respect to the ring structures of these schemes. We are given for each R-algebra A a multiplicative map
We regard this as an identity of polynomial functions on
This is dense in each fiber over R. Therefore it suffices to show (3.14) in the case where a is a unit. By multiplicativity it suffices to show that
We may restrict our attention to the universal case where for suitable exponents eψ. These functions are also defined if R is an arbitrary κẼ-algebra.
In particular L is a finitely generated locally free R-module. Then the Kottwitz condition (K r ) for (L, ι) is equivalent to the rank condition (R r ). For an arbitrary O E -algebra R the condition (K r ) implies the condition (R r ).
Proof. To prove this we make a base change R → R ⊗ OE OẼ which is reduced if R is a reduced κ E -algebra. Therefore we may assume that R is a OẼ-algebra.
The first assertion follows because a polynomial function is uniquely determined by the numbers eψ in (3.17).
The last assertion depends only on the geometric fibers. In this case we have either a κẼ-algebra or an O E -algebra of characteristic 0. We have already seen the first case. The characteristic 0 case is clear.
The rank condition says in this case that for allψ :κ → κẼ
Proof. By Lemma 3.5 we already know that the Kottwitz condition implies the rank condi-
Therefore the Kottwitz condition implies det(π|Lψ) = 0. Since Lψ has rank 1, this shows that π annihilates L. Assume conversely that the ranks are as indicated and that π annihilates L. Then we deduce the result from the following Lemma.
Lemma 3.7. Let R be a ring, such that pR = 0. Let n be a natural number. Let L 1 , . . . , L n be locally free R-modules of rank 1. Assume we are given a chain of homomorphisms
We consider an endomorphism of L of the form
where the v i are diagonal matrices. Then
Proof. We may assume L i = R. Then Π i is the multiplication by some element y i ∈ R. Our assumption says y n y n−1 · . . . · y 1 = 0.
One deduces that Π n = 0. We note that Πv = v ′ Π, where v ′ is another diagonal matrix, which is obtained from v by cyclically permuting the diagonal entries.
We may reduce to the universal case where R is the quotient of a polynomial ring R =
For fixed i, the x ij are the diagonal entries of v i . In this case the ring R is reduced.
Consider first the case where v 0 = E is the unit matrix. We take the universal case where the ring R is reduced (as above but no indeterminates x 0j ). Then we have two commuting operators
Because R is reduced in the universal case, this implies (3.18) in the case where v 0 = E. Clearly this shows also the case where v 0 is an invertible diagonal matrix.
In the general case we consider the universal R as above and its localization,
]. Over the bigger ring v 0 becomes invertible and therefore the relation (3.18) holds. Hence it holds also over the subring R.
Let us recall the Eisenstein conditions. We recall the following notation: For an embedding ψ :
We set ψ 0 = ϕ 0|F t . This gives a partition of the set Φ ψ :
where ǫ ψ = 0 if ψ = ψ 0 , and ǫ ψ0 = 1. We find (compare (3.10)) that
be the Eisenstein polynomial of a fixed prime element π ∈ F . We set
This gives a decomposition
Definition 3.8. We say that (L, ι) satisfies the Eisenstein condition (E r ) with respect to r if
This definition applies to any O E -scheme S and any O D -module (L, ι) over S. (ii) Let r = r • , i.e., r ϕ = 0 for ϕ = ϕ 0 . In this case E = F . We have two actions of O F on L. The first is given by ι and the second by
By the Eisenstein condition these actions coincide. Indeed, L = L ψ0 , and a ψ0 = 0 for all ψ ∈ Ψ. Therefore the Eisenstein condition (3.21) implies that ι(π) acts on L as ϕ 0 (π). The conditions (3.11) imply moreover that ι(a) for a ∈ O F t acts via ϕ 0 (a) on L.
(iii) Let F/Q p be unramified, i.e., F = F t . Then the first and the last Eisenstein conditions are empty. The second Eisenstein condition just says that rank L ϕ0 ≤ n.
(iv) Let us assume that S is a κ E -scheme. The images of the three polynomials
Therefore the Eisenstein conditions are in this case:
We say that (L, ι) satisfies the Drinfeld condition (D r ) with respect to r if it satisfies the Eisenstein condition (E r ) and the rank condition (R r ).
The rank condition makes sense by the remark after Definition 3.3.
This is a reformulation of Proposition 3.6.
In this case Lie X is an O D -module in the sense of (3.4). We say that X satisfies
The name is justified because we will prove that X has noétale part. [5] . Indeed, in this case r = r
• , and it follows from Remarks 3.9, (ii) that X is a strict formal O F -module (the induced action of O F on Lie X is via the structure morphism
(ii) Let A be a p-adic O E -algebra. Let X be a p-divisible group over A with an action (4.1). Then we define Lie X = lim ← − Lie X ⊗A/p n . It is still a O D -module and the definition above makes sense.
Assume that p is locally nilpotent on S. We denote by D(X) the covariant crystal associated to X. The evaluation D(X) S at S coincides with the Lie algebra of the universal extension of X.
Let a ∈ O D . We will often write simply a if we mean the action ι(a) on D(X) S , or the derived action dι(a) on Lie X.
Proof. We begin with the case where S = Spec k where k is a perfect field with a κẼ-structure. Let W (k) be the ring of Witt vectors and M = D(X) W (k) be the covariant Dieudonné module.
We have a bijection of field embeddings
We regardψ ∈Ψ as a homomorphismψ : OF t → W (k). We set
We have a direct decomposition
We denote by σ the Frobenius acting on W (k). The Verschiebung induces a map
Therefore the rank of the W (k)-module Mψ is independent ofψ and therefore equal to ne. For eachψ :
where τ is from (3.3). Since rψ depends only on the restriction ofψ to F t , we find rψ = rψ τ . Obviously Π induces a map
We consider the commutative diagram
By the rank condition, the cokernels of the vertical maps are k-vector spaces of dimension rψ τ = rψ. Therefore the lengths of the cokernels of both horizontal ι(Π) are also the same. On the other hand we have ψ length Mψ/ΠMψ τ = length M/ΠM = nf.
The last equality holds since by assumption length M/pM = n 2 d. We conclude that length Mψ/ΠMψ τ = 1, forψ ∈Ψ.
The last equation tells us that
This completes the proof of the first assertion in the case S = Spec k.
To show that X is a formal group we have to show that V is nilpotent on M/ι(Π)M . We consider the map induced by V on the cokernels of the horizontal maps of the diagram (4.3). For eachψ this map is either a bijection or it is zero. It suffices to see that this map is zero for someψ. If not, we would have a bijection for eachψ. We denote the cokernels of the vertical maps by Lieψ X. Then
We conclude that ι(Π) : Lieψ τ X → Lieψ X is bijective for eachψ. This is a contradiction since ι(Π) is nilpotent on Lie X. Therefore X is a formal group.
A base change argument shows that our result is true if S is the spectrum of a field. In the general case we consider a point s ∈ S. We find m ∈ D(X) S ⊗ κ(s) which is a basis of this
We may assume that S = Spec R and that m is the image of an element n ∈ D(X) R . It follows from Nakayama's Lemma that the homomorphism induced by n
We state the following consequence separately:
is a locally free O S -module of rank 1.
Proposition 4.5. Let A be an O E -algebra. Assume moreover that A is a p-adic integral domain, with fraction field of characteristic 0. Let X be an r-special formal O D -module over A.
Then Lie X satisfies (K r ).
We can assume that A is a OẼ-algebra. Let ϕ ∈ Φ be an extension of ψ. We write ϕ|ψ. Then π acts semisimply on H ψ and has eigenvalues ϕ(π) for ϕ|ψ, each with multiplicity n 2 . Now
Assume first that ψ = ψ 0 . By the Eisenstein condition, π has on L ψ at most the eigenvalues ϕ(π) with ϕ ∈ A ψ . The multiplicity of the eigenvalues is at most n 2 . But since by (3.11) rank L ψ = n 2 a ψ , each of these eigenvalues must have exactly multiplicity n 2 . We assume now that ψ = ψ 0 . Then again the eigenspaces of ϕ(π) have dimension ≤ n 2 . But the second of the Eisenstein conditions says that for ϕ = ϕ 0 this multiplicity is ≤ n. Since rank L ψ0 = a ψ n 2 + n, this implies that the multiplicity of ϕ(π) is n 2 for ϕ ∈ A ψ0 and is n for ϕ = ϕ 0 . Altogether the multiplicity of the eigenvalue ϕ(π) of π acting on L is r ϕ n. This implies the Kottwitz condition on L K . Since (K r ) is a closed condition, the assertion follows.
We will now assume that S is a κẼ-scheme.
whereψ ∈Ψ. This last module defines the polynomial function χψ from (3.16). One deduces easily that the determinant of the module
Analogously to (4.2) we have a decomposition
where all summands are locally free O S -modules of rank ne. We set for ψ ∈ Ψ
where the sum runs over allψ such thatψ |F t = ψ. It follows from Proposition 4.3 that we have locally free O S -modules with ranks
We note that the O S -modules D(X) S,ψ are defined for each OẼ-scheme with p locally nilpotent.
There are natural surjective maps
In particular, the cokernel of any power of π on Lie X is a locally free O S -module.
(ii) Conversely, assume that the following conditions on (X, ι) are satisfied.
(1) Lie X satisfies the rank condition (R r ).
(2) The natural map D(X) S → Lie X induces isomorphisms (4.5)
Then X is r-special.
We will prove this together with the following Corollary:
Remark 4.8. In the case where r = r • , this corollary follows from Lemma 3.11.
Proof. Clearly we can restrict to the case where S is a scheme over κẼ. We first prove (i). The last condition of (3.22) says that for ψ = ψ 0 the first arrow of (4.5) exists. By (3.11) we have on both sides locally free O S -modules of the same rank. Therefore this arrow is an isomorphism.
For the second line in (4.5), we begin with the case where S = Spec k. The second condition of (3.22) says that the rank of the following homomorphism of vector spaces π a ψ 0 : Lie ψ0 X → Lie ψ0 X is at most n. This shows
Therefore the second arrow of (4.5) is an isomorphism because on the left hand side we have a vector space of dimension n 2 a ψ0 . It follows that the O S -module Lie ψ0 X/π a ψ 0 Lie ψ0 has in each point of S the same rank n 2 a ψ0 . This already proves assertion (i) in the case where S is a reduced scheme.
The general case is a consequence of Lemma 4.9 below, applied to L = Lie ψ0 X, f = π a ψ 0 , r = a ψ0 n 2 , m = a ψ0 n 2 + n, and s = n. Now we prove the corollary. We remark that the Kottwitz condition (K r ) is satisfied for Lie X. This is clear by the first isomorphism of (4.5) for the part Lie ψ X, for ψ = ψ 0 . By the second isomorphism it suffices to show that the determinant morphism for the O D -module π a ψ 0 Lie ψ0 X is Nrd ϕ0 = ψ χψ, whereψ extends ϕ 0 . But it follows from the isomorphism (4.5) and (3.11) that rank π a ψ 0 Lieψ X = 1 for eachψ ∈Ψ which extends ϕ 0 . Therefore we conclude by Lemma 3.7.
Now we prove (ii). We have to prove the Eisenstein conditions. For ψ = ψ 0 they are clear. We denote by K ψ0 the kernel of the natural map D(X) S,ψ0 → Lie ψ0 X. We obtain
. Then the rank condition shows that
has rank n. This proves the second condition of (3.22). The other Eisenstein conditions are trivially satisfied.
In the preceding proof, we used the following lemma.
Lemma 4.9. Let R be a local ring with residue field k. Let L be a finitely generated free R-module
Then L/f (L) is a free R-module of rank r.
Proof. The exact sequence
shows that there is a basis of L ⊗ k of the form The elementsȳ 1 , . . . ,ȳ s ∈ L ⊗ k are linearly independent. Therefore we find a second basis of L,
We write the matrix of f with respect to the basis (4.6) and (4.7) as a (s + r) × (s + r) block matrix:
The assumption s+1 f = 0 implies that the matrix B is zero. We find
We set z i = x i − j a ji y j ∈ Ker f . Clearly
is also a basis of L, i.e., we may assume WLOG that x i = z i . But then the matrix of f becomes
From this our assertion is obvious.
Before continuing, we add a lemma needed later which is proved in the same manner.
Lemma 4.10. Let n, m, and r be natural numbers. Let R be a commutative ring. Let W be a locally free R-module of rank n. Let f : W → W be an endomorphism such that Coker f is a locally free R-module of rank r. Let V ⊂ W be a direct summand of rank m. We assume that s = m − r ≥ 0 and that
Proof. We note that the assumptions of the lemma are compatible with base change R → S. The situation of the lemma is always defined over a noetherian subring. Therefore we may assume that R is noetherian. The desired inclusion may be checked over the localizations of R. Therefore we may assume that R is a local noetherian ring with maximal ideal m. Finally the matrix of Ker f → W/V is zero if it is zero modulo m t for all t ∈ N. Therefore we may assume that R is an artinian local ring. We also note that under the assumptions Ker f is a direct summand of W of rank r.
If R is a field, the assumption of the lemma implies rank f |V ≤ s. This implies dim Ker f |V ≥ r = dim Ker f . This implies Ker f |V = Ker f and the lemma. Now let (R, m) be any artinian local ring. Let e 1 , . . . , e r be a basis of Ker f . It follows from the case of a field that V has a basis of the form v 1 , . . . , v s , e 1 + ρ 1 , . . . , e r + ρ r , (4.8)
where ρ i ∈ mW . If the lemma is false we can choose t ∈ N maximal such that there is a basis of the form (4.8) with ρ i ∈ m t W . By assumption f (v 1 ), . . . , f (v s ) are linearly independent modulo m. Therefore we find a basis of V of the form
We write the matrix of f |V with respect to the matrices (4.8) and (4.9) as a block matrix,
By the assumption ∧ s+1 (f |V ) = 0 all determinants of (s + 1) × (s + 1) minors of this matrix are zero. Therefore the matrix X is zero. We obtain equations
Since the left hand side is in m t W we conclude that a ji ∈ m t . We find ρ i − j a ji v j ∈ Ker f . We may write
where necessarily c ki ∈ m t . The last equation gives:
The RHS is an element of V . But this shows that we may replace in (4.8) the element e i + ρ i by e i + ρ
W . This is a contradiction.
Remark 4.11. If R is a local ring such that each element of the maximal ideal m is nilpotent, we can replace the condition that "Coker f is a free R-module of rank r" by the weaker assumption that "Ker f ⊂ W is a direct summand of rank r". Indeed, over R any free submodule of a free module is a direct summand. This shows that Coker f is free. The weaker assumption also suffices if R is a ring such that R → R p is injective, where p runs over all minimal prime ideals of R, since then we may reduce to R = R p .
We will now study the display of a formal O D -module over a κ E -scheme S which satisfies (D r ). To ease the notation we will assume that S = Spec R. We denote by P = (P, Q, F,Ḟ ) the display of X. We use the notation I := I R := ker(W (R) → R). Recall that D(X) R = P/IP . Again write Ψ = Hom(κ, κ E ) for the set of field embeddings. We obtain the decompositions
By Proposition 4.6 we obtain:
The maps F andḞ induce maps
Here σ denotes the Frobenius automorphism of F t over Q p . We set Q ′ ψ = P ψ for ψ = ψ 0 and we define Q ′ ψ0 to be the submodule such that P ψ0 ⊃ Q ′ ψ0 ⊃ Q ψ0 and such that Q ′ ψ0 /Q ψ0 is the kernel of the homomorphism π a ψ 0 : P ψ0 /Q ψ0 → P ψ0 /Q ψ0 .
By Lemma 4.9 we know that this kernel is a direct summand of P ψ0 /Q ψ0 .
We set
We obtain Frobenius-linear homomorphisms
We claim that the quadruple
Theorem 4.12. Let R be a κ E -algebra. We assume that the nilradical of R is a nilpotent ideal. Let C r,R be the category of r-special formal O D -modules, and let C 0,R the category of special formal O D -modules (Definition 4.1).
The construction P → P ′ is an equivalence of categories
Proof. We begin with the case S = Spec k, where k is a perfect field. Let the covariant Dieudonné M X be identified with P . In this case (4.10) is equivalent with
We define
Then the Dieudonné module (M X , F ′ , V ′ ) corresponds to the display above. From this we see that P ′ is the Dieudonné module of a special formal O D -module. Indeed, by the remark after (3.22) we need only to verify (R r ) (3.11) for P ′ . But this follows easily from (3.19) and (4.13). If conversely (M, F ′ , V ′ ) is the Dieudonné module of a special formal O D -module, then we find
This follows because V ′ M ψσ = M ψ for ψ = ψ 0 and M ψ0 /V ′ M ψ0σ is annihilated by π. Therefore the formulas V = π a ψ V ′ and F = π −a ψ F ′ define a Dieudonné module structure on M such that (4.13) is satisfied. This shows that (M, F, V ) is the Dieudonné module of an r-special formal O D -module. This proves the theorem in the case of a perfect field.
In the general case we need first to verify that P ′ is a display. The only non-trivial property is thatḞ ′ is a Frobenius-linear epimorphism. To show this, we take locally on Spec R a normal decomposition of P ′ and consider the matrix of F ′ Ḟ ′ . We have to show that the image of the determinant of this matrix in R is a unit. But this property follows since we know it for a perfect field. The same argument shows that P ′ is nilpotent. Therefore we have defined a functor (4.12).
We construct first a quasi-inverse functor in the case that the ring R is reduced. Let P ′ be the display of a special formal O D -module. We note that P ′ /IP ′ is a locally free O D ⊗ R module of rank 1. In particular, it has a filtration by direct summands as R-modules,
The multiplication by π gives an isomorphism between the subquotients of this filtration.
ψ . This gives the possibility to invert our construction P → P ′ . We set P = P ′ . We note that
We want to define F andḞ by the formulas
we conclude that F ′ ψ0 P ψ0 ⊂ π e−1 P ψ0σ . Since R is reduced, π operates injectively on W (R) and therefore the definition of F ψ makes sense. From (4.15) we see that also the definition ofḞ makes sense. We have to show that P = (P, Q, F,Ḟ ) is indeed a display. But this follows from the case of a perfect field treated above. Now we treat the case of a nonreduced ring R. We assume that we have a divided power thickening R → S, and that the theorem is already known for S. We denote by X an r-special formal O D -module over S, and by X ′ the corresponding special formal O D -module over S. We show that our functor gives a bijection between the liftings of X to an r-special formal O Dmodule over R and the liftings of X ′ to a special formal O D -module over R. This will prove the theorem by induction. By Grothendieck-Messing, the liftings of X correspond to liftings of the Hodge-filtration, If ψ = ψ 0 we have no choice for L ψ because the Proposition 4.6 requires L = D(X) R,ψ /π a ψ D(X) R,ψ . As a special case this holds also for X ′ . Now let ψ = ψ 0 . LetQ R andQ S the kernels of the two horizontal maps in (4.16). Then we have π
This makes sense because we have a bijection Proof. By Theorem 4.12, we are reduced to the case of special formal O D -modules, i.e., the case r = r • . In this case, the assertion follows from [5] , §2, comp. [3] , Prop. 5.2.
LetȆ the completion of the maximal unramified extension of E. Its residue class fieldk is an algebraic closure of κ E . We fix an r-special formal O D -module (X, ι X ) overk (a framing object). Definition 4.14. We define the set-valued functor M r on the category of OȆ-schemes as follows
1
. Then M r associates to scheme S ∈ (Sch/OȆ) the set of isomorphism classes of triples (X, ι, ρ). Here (X, ι) is an r-special formal O D -module over S, and ρ : X × Spec OȆ Speck → X × Speck S is a O D -linear isogeny of height zero.
We write M r for the restriction of this functor tok-schemes S. Theorem 4.12 now implies the following corollary.
Corollary 4.15. The functor M r is representable by a scheme overk which is isomorphic to M r • . Hence there is an isomorphism M r ≃Ω n ⊗ OȆk .
Proof. The isomorphism M r ≃ M r • follows from Theorem 4.12. The last assertion follows from [5] , which also implies that M r • is a scheme.
The local model
In this section we consider the local structure of the formal scheme M r (Definition 4.14). By the general theory [16] , this comes down to considering the local model of M r . Let us define it.
Recall that D is the central divison algebra with invariant 1/n over F . Let V be a D-vector space of dimension 1 and let Λ be an O D -lattice in V .
The local model in question represents the following functor on (Sch/O E ):
such that (Λ ⊗ Zp O S )/F satisfies conditions (R r ) and (E r )}.
Lemma 5.1. The functor M r is representable by a projective scheme over Spec O E . The geometric generic fiber is isomorphic to P n−1 . Let S be an E-scheme. Consider a O S -submodule F ⊂ Λ ⊗ Zp O S which is locally a direct summand and which is O D -stable. Then (Λ ⊗ Zp O S )/F satisfies conditions (R r ) and (E r ) if and only if it satisfies the condition (K r ).
Proof. The first assertion is obvious since the rank condition is a closed condition, cf. the remark after Definition 3.3.
The implication " ⇒ " in the last assertion follows as in Proposition 4.5. To show the converse, letĒ be an algebraic closure of E, and let R be anĒ-algebra and S = Spec R. Let F be a direct summand of Λ ⊗ Zp R that is O D -stable and such that (Λ ⊗ Zp O S )/F satisfies (K r ). There are decompositions
where ϕ runs through the embeddings of F intoĒ. Here O F acts on the summand corresponding to ϕ via ϕ : F → E → R. Each summand is stable under the action of D. The condition (K r ) just says that rank Λ ϕ /F ϕ = nr ϕ , in which case Λ ϕ /F ϕ is locally on S isomorphic to the direct sum of r ϕ copies of the simple representation
annihilates all summands Λ ϕ /F ϕ , for those ϕ with ϕ | F t = ψ 0 and ϕ = ϕ 0 , and Q A ψ 0 (ι(π)) induces an isomorphism on Λ ϕ0 /F ϕ0 , which implies the second Eisenstein condition. The first and third Eisenstein conditions are proved in an analogous way.
For ϕ with ϕ | F t = ψ 0 , the subspace F ϕ is trivial, i.e., either equal to (0) or to Λ ϕ . On the other hand, using Morita equivalence, the M n (R)-stable summand F ϕ0 of Λ ϕ0 corresponds to a hyperplane of F n ⊗ F,ϕ0 R. It now follows that the geometric generic fiber of M r is isomorphic to the projective space of lines inĒ n , i.e., to P n−1 (Grothendieck's convention).
The geometric special fiber M r = M r ⊗ OEk can be described as follows. Let W ψ = Λ⊗ O F t ,ψk , an en 2 -dimensional vector space with its endomorphism Π = ι(Π). Let S = Spec R, for akalgebra R, and let (F ψ ) ψ∈Ψ be a point in M r (S). Let first ψ = ψ 0 . By the third Eisenstein condition, F ψ is a direct summand of rank (e − a ψ )n 2 containing the image of Π a ψ n . Since these two submodules are direct summands of the same rank, they are equal. Now let ψ = ψ 0 , and set W 0 = W ψ0 and a 0 = a ψ0 . Then, due to the action of OF , we obtain a Z/n-grading
and Π is an endomorphism of degree one. Forgetting the subspaces F ψ with ψ = ψ 0 , we have an identification
rank (W 0,k,S /F 0,k ) = a 0 n + 1 , ∀k ∈ Z/n, and 1 ′ ) and 2 ′ )} .
Here we have set W 0,S = W 0 ⊗k O S and W 0,k,S = W 0,k ⊗k O S , and 1 ′ ) and 2 ′ ) are as follows:
Of course, we have used here (3.22 and its submodule V = (W 0,S /F 0 ) * , in which case rank W * 0,S = en 2 , and rank V = (a 0 n + 1)n, and r = a 0 n 2 , and s = n. We conclude that Ker(Π * ) a0n ⊗k O S ⊂ V . Translated back into F 0 , we obtain a chain of inclusions of direct summands of W 0,S ,
In the Drinfeld case r = r • we have a 0 = 0. Let us write
Let us identify Im Π (a0+1)n / Im Π a0n with W 0 /ΠW 0 . Associating now to an S-valued point F 0 of M r the locally direct summand
we have obtained an S-valued point of the local model M • , more precisely of M • ⊗ F,ϕ0 OȆ ⊗ OȆk . Letting S vary, this induces obviously an isomorphism of schemes overk,
Therefore we obtain from the Drinfeld case:
Corollary 5.2. The geometric special fiber M r ⊗ OEk is a reduced scheme, which has n irreducible components, all of which have dimension n − 1. Furthermore, the local rings of closed points of M r ⊗ OEk are isomorphic to localizations in closed points of thek-algebrak[X 1 , . . . ,
Remark 5.3. We point out that M • coincides with the standard local model for the triple (G, {µ}, K) consisting of GL n and µ (1,0 (n−1) ) and the Iwahori subgroup, after extension of scalars to Spec OȆ, cf. [7] , comp. also [15, 16] .
Proof. Since the special fiber is reduced, it suffices by [8] , Prop. 14.16 to show that a generic point of an irreducible component of the special fiber is in the closure of the general fibre. Since the general fiber and the special fibre of M r have the same dimension n − 1 and since M r is proper it follows that at least one irreducible component of the special fiber is contained in the closure of the generic fiber. The claim therefore follows from the following lemma.
Lemma 5.5. There is an action of Z/n on M r ⊗ OE OȆ, which induces a transitive action on the set of irreducible components of M r ⊗ OEk .
Proof. The action is given by sending F = ⊕ψ ∈Ψ Fψ to F ′ with
Here τ is taken from the presentation of O D in (3.3). Indeed, since the O F -structure of (Λ ⊗ Zp O S )/F ′ coincides with that of (Λ ⊗ Zp O S )/F , the Eisenstein conditions are satisfied for (Λ ⊗ Zp O S )/F ′ , since they are satisfied for (Λ ⊗ Zp O S )/F . On the other hand, for any ψ ∈ Ψ,
Therefore, F ′ also satisfies the condition (R r ). That the action of Z/n on the set of irreducible components of M r ⊗ OEk is transitive, follows from the corresponding fact for M
• (the Drinfeld case) (the isomorphism (5.4) is obviously equivariant for the action of Z/n).
Corollary 5.6. The scheme M r is normal.
Proof. Indeed, M r is flat over O E , with normal generic fiber (even regular, cf. Lemma 5.1), and reduced special fiber. These properties imply that M r is normal, cf. [17] , Prop. 9.2.
Remark 5.7. If the Conjecture 2.6 were true, it would follow that M r has semi-stable reduction, in particular M r would be regular. However, we are unable to prove these stronger assertions. Proof. We use the local model diagram
where M r denotes the formal completion of M r × Spec OE Spec OȆ along its special fiber. Here M r and the morphism ϕ is obtained from M r by adding to (X, ι, ρ) an O D ⊗ Zp O S -linear isomorphism with the value at S of the covariant crystal associated to X,
The morphism ψ associates to (X, ι, ρ, α) the submodule
The theory of local models [18] tells us that the completed local ring of a point x ∈ M r is isomorphic to the completed local ring of ψ(x), wherex is any point of M r mapping under ϕ to x. Hence all completed local rings of points of M r are isomorphic to completed rings of points of M r × Spec OE Spec OȆ. Hence by Corollaries 5.4 and 5.2, the formal scheme M r is flat over Spf OȆ with all completed local rings normal. That M r × Spf OȆ Speck is a reduced scheme follows from Corollary 4.15. Now the equality of M ′ r and M r follows from Proposition 4.5.
Corollary 5.9. The definition of M r is independent of the choice of the uniformizer π of O F .
Proof. Consider the formal scheme N r that represents the moduli problem where the Kottwitz condition (K r ) is imposed but the Eisenstein conditions (E r ) are dropped. Letπ be another uniformizer, and letM r be the corresponding formal scheme defined using the Eisenstein condition forπ instead of π. What has to be shown is that the formal subschemes M r andM r of N are identical. Let N r be the local model corresponding to N r ; then the local models M r and M r of M r andM r are closed subschemes of N r . It suffices to prove that M r =M r . But by Lemma 5.1 the generic fibers of N r , M r andM r all coincide and, by Corollary 5.4, M r andM r are equal to the flat closure of the generic fiber inside N r .
The generic fiber (after Scholze)
In this section, we prove the last point in Theorem 2.8, in the following form. For convenience, we introduce for a function r : ϕ → r ϕ the formal schemeM r over Spf OȆ that represents the same moduli problem as M r , except that we drop the condition that the height of ρ be zero. Then our original formal scheme M r is an open and closed formal subscheme ofM r .
Let r • be the Drinfeld function, i. e., r
We will prove the following theorem.
Theorem 6.1. There is an isomorphism of adic spaces over Spa(Ȇ, OȆ),
This theorem implies the last point in Theorem 2.8. Indeed, passing to the open and closed sublocus where the universal quasi-isogeny ̺ has height zero, we obtain a similar isomorphism whenM r is replaced by M r andM
• by M • (the proof of Theorem 6.1 will show that the isomorphism in question is compatible with the decompositions according to the height). Since by Drinfeld' 
In the proof of Theorem 6.1, we will use the following notation. We denote by (X, ι X ) the framing object for the moduli problemM r . Let M (X) Qp be its rational Diendonné module. Let V be a free D-module of rank one, and let Λ be an O D -lattice in V . Let G = GL D (V ), considered as a linear algebraic group over Q p . The function r defines a G-homogeneous projective variety F over E. If R is aQ p -algebra, then F (R) parametrizes D-linear surjective homomorphisms into locally free R-modules V ⊗ Qp R −→ F such that under the decomposition F = ϕ F ϕ , we have rank(F ϕ ) = r ϕ n. In other words, F coincides with the generic fiber of the local model, M r × Spec OE Spec E, cf. Lemma 5.1.
Let K 0 ⊂ G(Q p ) be the stabilizer of the lattice Λ. For any open subgroup K ⊂ K 0 , we obtain the corresponding member M K of the RZ-tower over (M r )
ad . These coverings of (M r ) ad parametrize level-K-structures on the universal object X/M r ,
We denote by
ad the crystalline period maps, which are compatible with changes in K.
In [19] Scholze and Weinstein define a preperfectoid space M ∞ by imposing a full level structure on T (X). In particular, there is a morphism
which induces a bijection for any algebraically closed extension C ofQ p which is complete for a p-adic valuation,
ad the induced period mapping. In [19] , the following description of M ∞ (C) is given. Let O C be the ring of integers in C.
Let
2 is defined as Y = Proj P , where P is the graded ring
Then Y is a connected separated regular noetherian scheme of dimension 1, equipped with the point ∞ ∈ Y corresponding to Fontaine's homomorphism θ : B + cris −→ C . In [19] appears a description of p-divisible groups X over O C , in terms of two vector bundles, E and F . Here
Here T = T (X) denotes the Tate module of the generic fibre of X, and M Qp = M (X) Qp the rational Diendonné module of the reduction modulo p of X.
We now apply this description to the fibers of the universal p-divisible group X at points of M ∞ (C), noting that the universal full level structure induces an isomorphism T (X) = Λ, and the universal quasi-isogeny an isomorphism of Dieudonné modules
Accordingly we set F = Λ ⊗ Zp O Y , and let E correspond to the graded module
We also fix a D-linear isomorphism M (X) Qp = V ⊗ QpQp . The Scholze-Weinstein description therefore implies the following fact, cf. [19] , Cor. 6.3.10 (and its extension to the EL-case in Thm. 6.5.4). It will be convenient to reformulate this last description. Let Y F = Y × Spec Qp Spec F . This is a finiteétale cover ψ : Y F −→ X of degree d, and the fiber ψ −1 ({∞}) can be identified with {∞ ϕ | ϕ : F −→Q p }. Since the vector bundles F and E are equipped with F -actions, they are of the form F = ψ * (F F ) and E = ψ * (E F ), with vector bundles F F and E F over Y F . 
, with Cokerf F killed by m YF ,∞ϕ ∀ϕ, and such that
Furthermore, the period morphism π ∞ sends the point corresponding to f F to the family of
Now we compare the previous descriptions for the given function r, and for the Drinfeld function r
• . Let X • denote the framing object forM r • . Then we may choose D-linear isomorphisms
such that for the respective Frobenius endomorphisms
where m = #{ϕ | r ϕ = n} . For the corresponding vector bundles on Y F , we get
where L is the line bundle on Y F corresponding to the graded module
We have a natural identification
On the other hand, we have a natural identification
Here, for aQ
We point out that, by Morita equivalence, F
• ∼ = P n−1 F . Lemma 6.4. For a given ϕ, there exists a global section
such that LT ϕ vanishes to first order at ∞ ϕ and is non-vanishing at all other points. Furthermore, LT ϕ is unique up to F × .
Proof. The homomorphism LT ϕ : O YF −→ L corresponds in the Scholze-Weinstein description to the Lubin-Tate formal group corresponding to (F, ϕ, π).
Lemma 6.5. Let i : G F −→ E F be the injection of vector bundles on Y F , 
Proof. It is clear that Coker f
• F has support in {∞ ϕ0 } ∪ {∞ ϕ | r ϕ = n}, and that for ϕ with r ϕ = n, one has that (Coker f
Conversely, any f F ∈ M ∞ (C) has to factor through G F and has the correct cokernel at ∞ ϕ0 . The assertion regarding the period map is obvious from the way that F (C) is identified with F
• (C).
ad , the images of the period morphisms π ∞ and π • ∞ ⊗FȆ, coincide. Proof. All maps are partially proper [6] , hence it suffices to prove for all algebraically closed complete extensions C ofQ p that
This follows from the previous proposition.
Proof of Theorem 6.1. We need to construct an isomorphism
It suffices to construct the isomorphism on the open and closed subloci
, where the height of ̺ is a fixed integer n. But the fibers of the period morphisms π K0 , resp. π
K0 , can both be identified with G(Q p )
• /K 0 , where under the identification G(Q p ) = D × , we have
K0 and M
•(n)
K0 with open adic subsets of (
The assertion therefore follows from Corollary 6.7.
The unramified case
In this section we prove Theorem 2.7. Hence in this section F/Q p is unramified. Since we fixed an embedding ϕ 0 : F −→Q p , we may identify
In particular, E = F , via ϕ 0 . We abbreviate
Let S be a O F -scheme, such that p is nilpotent on S. We have a decomposition
where the action of O F on the i-th summand is via σ i . If (X, ι) is a formal O D -module over S, we correspondingly obtain a decomposition,
Lemma 7.1. The condition (R r ) implies the conditions (K r ) and (E r ).
Proof. For the implication (R r ) ⇒ (E r ), we refer to Remarks 3.9, (iii). The condition (D r ) implies (K r ) by Proposition 5.8.
We will now consider the display of X. To simplify the notation, we assume that S = Spec R, where R is an O F -algebra. Let W (O F ) be the ring of Witt vectors of O F , and define a ring homomorphism by
Then λ is Frobenius equivariant, i.e., λ(σ(x)) = F (λ(x)). For a O F -algebra R, we obtain
.
Let P = (P, Q, F,Ḟ ) be the display of X over R. Hence P is a finitely generated projective W (R)-module, and Q is submodule of P , and
The action of O F on P defines decompositions,
where O F acts on the i-th summand viaλ (i) . With respect to this Z/d-grading, the operators F andḞ are of degree 1,
Then rank P i = n 2 , ∀i, by Proposition 4.3. The rank condition says:
P 0 /Q 0 is a locally free R−module of rank n
We choose a normal decomposition,
is a F -linear isomorphism, for all i. Let i = 0. When r i = 0, then P i = Q i and we obtain an isomorphismḞ
When r i = n, then L i = (0), and we obtain an isomorphism
We now define
as compositions,
Here the isomorphisms in the last two lines are either (7.2) or (7.3). We note that P 0 is a finitely generated projective W (R)-module, that Q 0 is a submodule and F rel andḞ rel satisfy the following relations,Ḟ
Indeed, the first identity reflects the F d -linearity ofḞ rel ; the second identity comes from the fact that a similar identity holds forḞ and F . The quadruple (P 0 , Q 0 , F rel ,Ḟ rel ) is a d-display in the following sense: Definition 7.2. Let d ≥ 1 be a natural number. Let R be a ring such that p is a nilpotent in R. An d-display over R is a quadruple (P, Q, F,Ḟ ), where P is a finitely generated projective W (R)-module, Q a submodule of P and F : P → Q andḞ : Q → P are (1) I R P ⊂ Q, and P/Q is a direct summand of the R-module P/I R P .
(2) The linearization ofḞ ,Ḟ ♯ :
wF (x).
We will now use the theory of relative 
We have a canonical morphism u : We set
Here the last homomorphism is given by the composition
Note that this makes sense because of (7.4), and defines a 
More precisely, consider the normal decomposition
We defineḞ ′ on the first, resp. second summand bẏ
Claim: The identities (7.5) are satisfied.
We start with the second identity. Let
For the second summand, the identity to be checked is the definition ofḞ ′ . So we may take l 0 = 0. Now
Hence the LHS of the identity to be checked iṡ
where in the last equation we used (7.4). The second identity of (7.5) is proved. Now we check the first identity. It suffices to check thaṫ
where in the last equation we used (7.4). We now have checked that (P ′ , Q ′ , F ′ ,Ḟ ′ ) is a relative display relative to O F . By functoriality this relative display has an O D -action. Its Lie algebra P ′ /Q ′ coincides with Lie 0 X = P 0 /Q 0 . Therefore the action of O D on P ′ /Q ′ is special in the sense of Drinfeld (satisfies condition (R r • )), i.e., we are in the case of Proposition 3.6. This implies automatically that the relative display is nilpotent.
Let R be an O F -algebra where πR is a nilpotent ideal. By a theorem of Ahsendorf [1] , Thm. 5.3.8, there is an equivalence of categories between the category of p-divisible formal O F -modules over R and the category of nilpotent relative displays (this holds even without the hypothesis that F/Q p is unramified). We therefore obtain a formal O F -module X ′ over S = Spec R, which is a special formal O D -module because Lie X ′ = P ′ /Q ′ . Applying the above construction to the framing object (X, ι X ), we obtain a special formal O D -module (X ′ , ι X ′ ) that we use as a framing object for the Drinfeld functor M r • . Since the above construction is functorial in S, we obtain a morphism of formal schemes over Spf OF ,
(7.6) Theorem 7.3. The morphism (7.6) is an isomorphism. In particular, there is an isomorphism of formal schemes over Spf OF , M r ≃Ω n F⊗ OF OF . Proof. Let R be a κ F -algebra. We have (compare (4.11)) described a functor P → P ′ which associates to the display of a formal O D -module with condition (D r ) the display of a special formal O D -module with condition (D r • ). In the unramified case we take π = p. Since a ψ = 0 or 1, we see thatḞ
Therefore starting from P or P ′ the construction (7.4) yields the same d-display. Therefore over κ F the functor morphism (7.6) factors
The first morphism is given by Theorem 4.12 and the second morphism is defined by associating to a display of a formal O D -module satisfying (D r • ) the display relative to O F . Therfore the last morphism is the identity. Since the first arrow is an isomorphism by Theorem 4.12, we deduce that (7.6) is an isomorphism over κ F . But since both schemes are flat by Proposition 5.8, it is an isomorphism.
The only thing we use of Ahsendorf's work is: to each relative display P ′ there is a formal group BT (P ′ ). Let X be a formal O D -module satisfying (D r • ). Let P be the display of X. Let P ′ be the relative display given by construction (7.5). Then BT (P ′ ) is canonically isomorphic to X.
The Lubin-Tate moduli problem
In this section we sketch that a modification of our method is applicable to a variant of the Lubin-Tate moduli problem. Let again F be an extension of degree d of Q p . We again fix an embedding ϕ 0 : F −→Q p . We also fix an integer n ≥ 2, and function r : Φ −→ Z ≥0 with the same properties as in (2.1). Let E be the corresponding reflex field.
Let S be an O E -scheme. Let (L, ι) be a locally free O S -module of finite rank with an action by O F . We say that (L, ι) is an O F -module over S.
LetẼ be the normal closure of E. Then each ϕ ∈ Φ factors through ϕ : O F → OẼ. The induced homomorphism O F ⊗ Zp OẼ → OẼ defines a map We say that (L, ι) satifies the rank condition (R We say that L satisfies (LT r ) if (R We will consider p-divisible groups X of height nd over O E -schemes S with an action ι : O F −→ End(X). We assume that the action on Lie X satisfies the condition (LT r ). We will also say that X is of type r.
Let us assume that S = Spec k is the spectrum of a perfect field of characteristic p. Let M be the Dieudonné module of X. We obtain a decomposition
where M ψ is a free W (k)-module of rank n[F : F t ]. By the condition (LT r ) we find (compare Proposition 4.6):
If we replace (M, F, V ) by (M, ⊕π a ψ F, ⊕π −a ψ V ), we obtain a Dieudonné module of a p-divisible group Y of type r
• for the Drinfeld function r • . We see that X is a formal p-divisible group if and only if Y is. Then (Y, ι) is of Lubin-Tate type, cf [5] , i.e., Y is a strict formal O F -module of dimension one and O F -height n. We conclude that over an algebraically closed fieldk there is up to isomorphism a unique formal p-divisible group (X, ι) of type r.
In general we say that (X, ι) over a scheme S is a Lubin-Tate group of type r if it is a formal p-divisible group of height nd such that the action of O F on Lie X satisfies (LT r ).
From the case r = r • we deduce: We fix a Lubin-Tate group (X, ι X ) of type r over the residue class fieldk ofQ p . It is unique up to isomorphism. We may therefore define a functor M F r on Nilp OȆ . Namely, fixing a framing object (X, ι X ) overk, M F r associates to S ∈ Nilp OȆ the set of isomorphism classes of triples (X, ι, ρ) where (X, ι) is a Lubin-Tate group of type r over S and ρ : X × SS → X × SpeckS is an O F -linear quasi-isogeny of height zero. The formal scheme representing this functor will be denoted by the same symbol.
The main theorem in this section is the following. In order to complete the proof of Theorem 8.3, it remains to show that M F r is formally smooth of relative dimension n − 1 over OȆ. This will follow from the theory of local models.
Let V be a F -vector space of dimension n and Λ an O F -lattice in V . Let M Then R is isomorphic to the completion of M ). Since this association is functorial and bijective, the last assertion of Lemma 8.5 follows.
